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Abstract 
Amar, D., Applying a condition for a hamiltonian bipartite graph to be bipancyclic, Discrete 
Mathematics 111 (1993) 19-25. 
We apply the following result of Amar (1991) to balanced bipartite graphs satisfying the degree 
conditions of Moon and Moser (1963) and of Chvatal (1972): 
If there exist two vertices x1 and x2, the distance between which is two, on a hamiltonian cycle of 
a bipartite graph G of order 2n, such that 
d(x,)+d(x,)>n+l, 
then G is bipancyclic, except in some special cases 
Thus, we show that these conditions sufficient to ensure the existence of a hamiltonian cycle also 
imply bipancyclism, and obtain a new proof (and easier) of a theorem of Mitchem and Schmeichel 
(1982). 
Then we give a new condition for a connected balanced bipartite graph of order 2n to be 
hamiltonian: 
dist(x, y)=3 3 d(x)+d(y)>n+l, 
and, applying again the theorem above, we prove that this condition is sufficient for the graph to be 
bipancyclic. 
1. Introduction 
In general graphs, the following theorem of Hakimi and Schmeichel [S] gives 
a sufficient condition for a hamiltonian graph to be pancyclic. 
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Theorem 1.1 (Hakimi and Schmeichel [S]). If there exist two vertices x1 and x2, 
consecutive on a hamiltonian cycle of a graph G of order n, such that d(x,) + d(x,) > n, 
then G is either 
(1) pancyclic, 
(2) bipartite, 
(3) missing only an (n- 1)-cycle. 
The well-known degree conditions for a graph to be hamiltonian imply in most 
cases that the graph is pancyclic. For example: 
If G is a graph with n vertices, the following are sufficient conditions for a graph to 
be hamiltonian: 
the condition of Dirac [6]: 
d(x)>;; 
the condition of Chvatal [S]: 
let d,<dzd...<d,, be the valency sequence, d,<k<n/2 =z. d,_,>n-k; 
the condition of Bondy [4]: 
V{x,y,z} three independent vertices, d(x)+d(y)+d(z)a3;-1; 
the condition of Fan [7]: 
G 2-connected, and dist (x, y) = 2 Z. max(d (x), d(y)) 2 i 
Bauer and Schmeichel [2] proved that these conditions imply the condition of 
Hakimi and Schmeichel [S], 
for two consecutive vertices xi and x2 of a hamiltonian cycle of G. 
Thus, by Theorem 1.1, these conditions imply that the graph is pancyclic, except in 
some special cases. 
2. Sufficient conditions for a bipartite graph to be bipancyclic 
In bipartite graphs, the following theorem gives a condition 
Theorem 1.1 for a hamiltonian bipartite graph to be bipancyclic. 
similar to that of 
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Theorem 2.1 (Amar Cl]). If there exist two vertices x1 and x2, the distance between 
which is two, on a hamiltonian cycle of a bipartite graph G of order 2n, such that 
d(xl)+d(xz)>n+ 1, 
then G is bipancyclic, except in the following two cases: 
If (x1, y1,x2, y,, . . . . x,, y,,xI) is a hamiltonian cycle of G, 
(1) n is odd, 
N(X,)={Yj,j odd, 1 <j<n}, 
N(x2)={Y1}U{Yj~j even, 2<j<n-l}, 
G contains no 4cycle. 
(2) n is odd, n=21- 1, 
with d < I- 1, G contains no 21 -cycle. 
Then we consider the well-known degree conditions for a balanced bipartite graph 
to be hamiltonian: If G is a balanced bipartite graph such that V(G)=(X, Y), 
IX I = I Y / = n, then the following conditions are sufficient conditions for a balanced 
bipartite graph to be hamiltonian: 
condition (1) of Moon and Moser [lo]: 
VEX, YEY * d(x)+d(y)>n+l, 
condition (2) of Chvatal [S]: 
let d(xl)~d(x2)~...~d(x,) and d(y,)dd(y,)<...<d(y,), be the 
valency sequences; d(xk)<k<n = d(y,_,)an+ 1 -k, 
It is known that they imply that the graph is bipancyclic (for condition (2) see 
Mitchem and Schmeichel [9]), but we show easily that we can deduce this property 
from Theorem 2.1. 
Remark. The exceptional cases of Theorem 2.1 do not verify the condition of Moon 
and Moser [lo], nor the condition of Chvatal [S]: they have very few edges, and all 
the vertices {xj, 1 <j<n}, except two, have degree 2, and the vertices {yj, 1 <j<n} 
have degree 2,3 or 4. 
(1) By a counting argument, we can prove that condition (1) of Moon and Moser 
[lo] implies the condition of the Theorem 2.1 and, then, that the graph G is 
bipancyclic. 
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(2) If G satisfies condition (2) of Chvatal [S], 
n+l 
or 4x(,+ 1/2) ~2 = d(y,,- i,z) >- 
then d(xj)>(n+ 1)/2 or d(yj)B(n+ 1)/2 for more than n/2 indices j. 
The condition of Theorem 2.1 is satisfied, and then the graph G is bipancyclic. 
3. A new condition for a bipartite graph to be bipancyclic 
We now consider a new condition. 
Condition (3). Let G be a connected balanced bipartite graph of order 2n. If x and 
y are vertices of G, we suppose 
dist(x, y)=3 * d(x)+d(y)>n+ 1. 
Claim 3.1. Under condition (3), G is hamiltonian. 
Proof. Step 1: There exists a perfect matching in G. 
Let A be a subset of X, and let B=N(A) be the set of 
suppose IBI<JAI. 
If ZEY\B, G being a connected graph, there exists a path 
b&3, XEX\A, ~EY\B: 
dist(a, y)=3, then d(a)+d(y)>n+ 1. 
We consider the inequalities 
WdlBl, Kddn-IAl, lAl>lBl, 
and we can conclude that d(a)+d(y)<n, a contradiction. 
the neighbours of A. We 
(a, b, x, Y, . . ., z), with aeA, 
Then we obtain step 1 by using the Hall-Konig theorem (see [2, p. 1281): 
Let G be a bipartite graph on two partite sets X and Y. Then G has a matching 
that covers all the vertices in X ij-and only if I N(S)) 2 ISI for every subset S 
OfX. 
Step 2: For every perfect matching M, there exist cycles which are compatible with 
M, i.e. such that half the edges are in M. We leave the proof to the reader. 
Step 3: Among all the perfect matchings, we choose one such that the length of 
a longest compatible cycle is maximum. Let M be that matching and C a longest cycle 
compatible with M. Then C is hamiltonian. 
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Proof. Let 
M={(Xij yi), 1 <i<n}. 
Suppose C=h,yl, . ..,xk,yk,xl), with k<n. G being a connected graph, we 
can suppose w.1.o.g. that y, is adjacent to x,. Then x2 and y, are independent, 
dist(x2, y,J = 3, and 
d(x2)+d(y,)3n+ 1. 
The edges (x2, yj) and (y,, xj) exist for some je { 1,2, . . ., n- l}. 
Ifj>k (X1,Y1,Xn,yn,Xj,yj,xz,yz, ..., x1) is a cycle, longer than C, which is 
compatible with M. 
If j<k (X1,Y1,Xn,yn,Xj,Yj-l, ...) x2, yj, x1) is a cycle, longer than C, which is 
compatible with the perfect matching M’, 
M’={(X1,Yl),(X2,Yj),(xt,Yt-l) for 3<16j, (Xi, Yi) for j<ibn,}. 
Claim 3.1 is proved. 0 
Claim 3.2. Under condition (3), the graph G is bipancyclic. 
Proof. Let C=(xl,yl,xz, . . . . x,,y,,xi) be a hamiltonian cycle of G. 
If the hypothesis of Theorem 2.1, i.e. d(xi)+d(Xi+ l)>n+ 1 or d(yi)+d(yi+,)an+ 1, 
is satisfied for some i, G is bipancyclic. 0 
(The exceptional cases of Theorem 2.1 do not satisfy condition (3).) 
We can suppose d(xi) + d(xi + r) < n and d(yi) + d(yi + 1) < n for every i. 
Let d = sup {d(v) + d(u+ ), v E V(G)}, where u and u+ are two consecutive vertices on 
the hamiltonian cycle of G. 
Without loss of generality, we can suppose A =d(x,) +d(y,). 
Step I: The edge (y,,,x*) is in G. 
Otherwise 
QJ+d(x,)>n+ 1. 
We are in the case 
And then 
A=d(xl)+d(y,)<n-I. 
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Let A = n - a, with CI 2 1. Considering the inequalities 
d(y,)+4xz)2n+ 1, 
d(Yl)+&)~n-a, 
d(Y,)+&)<n-% 
we obtain 
n-a=A=d(~~)+d(y,)<n--2a-1, 
a contradiction. 
Step 2: d(xi)+d(y,)>n+ 1. 
If we prove step 2, we can conclude that G is bipancyclic since G has a cycle of 
length 2n -2, and an edge (x1, yi) outside, the extremities of which satisfy the 
condition d(xl)+d(y,)an+ 1. 
The proof of step 2 is obtained by contradiction. We suppose that 
A=d(xl)+d(y,)bn. 
If x1 iS adjacent to yd, d> 1, and is not adjacent to y,$+ 1, 
d(yd+,)++l)>n+ 1, 
d(xl)+d(Yl)Gn, 
d(Xd+l)+d(Yd+l)~n, 
=, d(Xd+l)+d(yl)<n-1. 
Moreover, 
Then the edge (yi, xd+i) is in G, and dist(y,, xd+2)<3: 
d(y,)+d(xd+2)=(d(xl)+d(yl)+d(yd+1)+d(Xd+2))-(d(xl)+d(yd+1)). 
Then 
d(y,)+d(Xd+2)<n--. 
Condition (3) implies that the edge (yl, xd+2) is in G, and 
Similar inequalities imply that x1 is adjacent to yd+2, or y, is adjacent to xd+3. 
Let 
N(x,)={Yj, jEC1, ~IIUCCZ, d21U...UCCr9 nl>. 
Then 
N(Yl)~{Xk, kE [d, + 1, cJu[d2+ 1, c,lu...}, 
a contradiction to the hypothesis d(x,) + d(yI) d n. 
We can conclude with the following proposition. 
Condition of a hamiltonian bipartite graph to be bipancyclic 25 
Proposition. If G is a connected balanced bipartite graph of order 2n such that, whenever 
the distance between two vertices x and y of G is equal to 3, the sum of the degrees 
d(x)+d(y) is at least n + 1, then G is bipancyclic. 
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